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Definition of State Prices

@ intuition for state prices: how much does it cost to receive a
payoff of 1 at some future q;?

@ For each local market g; choose a vector of real numbers

Tqre1 (qt)
TGet1 (qt) =
7rqmt+1 (qt)

o We call the elements of 7y, ,(q:) state prices if

IPt(Qt) = (Pt+1(Qt+1))T Iﬂ-qt+1(qt)

asset prices payoffs state prices
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Longterm State Prices

@ we define the long-term state prices as

Taear (Gt) = Tqr (Ge) X T 5 (qes1) X - X T, (Ger—1)
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Longterm Discounting with State Prices |

Z 7T<7t+2(qt+1) X [Pa(qt+2) + Da(qe12)]

qt+2Cqt41

P.(q:) = Z 7th+1(CIt) X [Pa(qt+1) +Da(qe+1)]

qe+1CQqe

- Z 7T‘7t+1(qt)Da(qt+1)

qr+1Cqt

+ Z 7th+1(qt) Z 7th+z(Qt+1)X[Pa(CIt+2)+Da(qt+2)]

qr+1Cqe Gr+2Cqe+1
L (]

Z Z ZTCItH (qt)ﬂqt+2 (qt+1 )I

9t+1Cqt gr12Cqri1

Tqeso ( qf)

Z 7th+2 ( qt)

qt+2Cqe
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Longterm Discounting with State Prices Il

@ if we continue to solve this equation forward:

Pa(q:) = i Z Tae1;(q) Da(qej)+ Z T g7 (Gt)[Pa(qt4r)+Da(Gesr)]

J=1 qr4jCar qer+Cqe
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State Prices and Portfolios

@ we have Z Tge1(qe) X [Pa(qes1) + Da(qes1)]
qr+1Cqe

[ ]
Pu(q:) = Z Ha(q:) Pa(q:)

= Z 7rqt+1(qt) (Z Ha(q:) x [Pa(qe+1) + Da(qt+1)]>

qr+1Cqe \a .

Dr(qe+1) + Pr(qt+1)

@ hence:
7—1
PH(Qt):Z Z ﬂ-qfﬂ'(qt)DH(qt*J')—i_ Z 7Tflt+7—(qt)[PH(qt+T)+DH(qt+7)]
J=1 q:++;Cqt qt+7rCqr
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State Prices and Risk Free Rates

1

Z i+ Cqr Tqetr ( qt)

P (ar) = Z Tgerr (qt) — Ri T (q:) =

Qe+ Cqe
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Law of One Price = State Prices Exist

@ complete market

* T * T\—
Pe=(Pi1)” ((PEy)") 'Py
—
Pg:+1(qe) = prices of state assets

@ in general, law of one price:
* T p* * Tpx* -1
P: = (Pi;1) Pr+1<( t+1) Pt+1) Pt

@ Hence )
™= P?ﬂ ((P?+1)Tp>tk+1> P:

is a state-price vector.
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Interpretation of State-Price Vector |

@ orthogonal projection:

1
€ (payoff space) |
0 |
=P H+Z
1
0 0
-1
((Pi)PLL)  (PL)T
0
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Interpretation of State-Price Vector Il

@ Accordingly:

traded payoffs closest to state assets

1 0 0 10 0
01 0 - 01 0
=Pia ((PL)TPLL) (PL)T (21 2m)
0 0 1 0 0 1
(Hy...Hp)
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Interpretation of State-Price Vector Il

@ Prices of portfolios whose payoffs are closest to state assets:

(Hy...H,))" P, =
I — | .

mxA Axl1

Pin ((P§+1)T }k+1) _lpt
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Complete Market <= Unique State Prices

@ Let 7 be a state-price vector

Suppose zp: € (payoff space) |

@ then:

(i) (7 +2p; ) = (PL) T+ (Piyy) T2e; = Pt
| E—

=0
@ Hence:
7 is a stare-price vector <= (mw-+z) is a state-price vector
€ (payoff space) |
@ Hence:
market complete = state prices are unique
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There is Only One Traded State Price Vector

@ Suppose there are two traded state price vectors 71 and 7r5:

price of x = x7m; = x>

= 0 = x(m1 — m2) <— for any traded payoff x
= 0 = (71 — m2)(71 — m2) +— since ; — r, is also traded
— O=m —m

@ hence we can write every state price vector as:

-1
™= PLa((PLa)PLa) Pty

unique traded state price vector € (payoff space) |
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Non-Traded Payoffs Do Not Have a Unique Price

@ We can decompose payoff x:
X = Xp* + Xp*1.

@ We can decompose payoff state-price vector
™ = Tp+ + Tp*.

@ Hence:

price of x = x(mp++mp+ ) = Xp=Tp++Xp= Tp+ +IXP*7Tpi + TP Xp+.

=0

@ Suppose we choose mpy = kxpx . Then
price of X = Xp=7p* + kx,zgj.
@ Hence

x € payoff space — price of x is constant across all state prices
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