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State Variables

State variable process summarizes history up to time t:
X1t

...

XNt

 ,


X1t+1

...

XNt+1

 ,


X1t+2

...

XNt+2

 , . . .

Convenient assumption:

X̂t = αX̂t−1 + σ ε̂t

(ε̂1t . . . ε̂Kt)
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General Specification

ĜDt+1 = µ̂D +
N∑

n=1

φDn

αXn X̂nt−1 + σXn ε̂t

X̂nt +σD ε̂t+1

M̂t+1 = µ̂M +
N∑

n=1

φMnX̂nt + σM ε̂t+1
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Example: Power Utility

Consumption growth:

ĜCt+1 = µ̂C + φC X̂t + σC ε̂t+1

Discount factor:

M̂t+1 = δ̂ − γĜCt+1 = δ̂ − γµ̂C

µ̂M

+−γφC

φM

X̂t +−γσC

σM

ε̂t+1
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Long-term Dividend and Discount Factor

Ĝ t+τ
Dt = τ µ̂D +

N∑
n=1

φDn

1− ατ
Xn

1− αXn

X̂nt +

define: Ẑ t+τ
Dt

τ∑
j=1

(
σD +

N∑
n=1

φDn

1− ατ−j
Xn

1− αXn

σXn

)
ε̂t+j

M̂t+τ
t = τ µ̂M +

N∑
n=1

φMn

1− ατ
Xn

1− αXn

X̂nt +
τ∑

j=1

(
σM +

N∑
n=1

φMn

1− ατ−j
Xn

1− αXn

σXn

)
ε̂t+j

define: Ẑ t+τ
Mt
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Dividend Growth

Unconditional expectation of short-term dividend growth:

E[ĜDt ] = µD

Unconditional variance of short-term dividend growth:

Var[ĜDt ] =
∑
n

φ2Dn

1− α2
Xn

+ σ2D

Define fractions of variance coming from state variable n:

ωDn =

φ2
Dn

1−α2
Xn∑

n
φ2
Dn

1−α2
Xn

+ σ2D

Autocorrelation:

Corr
[
ĜDt , ĜDt+τ

]
=
∑
n

ατ
Xn
ωDn
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Risk-free Rate

Short-term:

Rft+1 =
1

Et [Mt+1]
=

1

exp
(
µ̂M +

∑
n φMnX̂nt

) × 1

E
[

exp
(
σM ε̂t

)]
=⇒ R̂ft+1 = −

(
µ̂M +

∑
n

φMnX̂nt

)
− log E

[
exp

(
σM ε̂t

)]
0.5σ2M ← lognormal case

Long-Term:

R̂t+τ
ft = −Et [M̂

t+τ
t ]− 1

2
Vart [M̂

t+τ
t ]

= −τ µ̂M −
∑
n

φMn

1− ατ
Xn

1− αXn

X̂nt −
1

2

τ∑
j=1

(∑
n

φMn

1− ατ−j
Xn

1− αXn

σXD
+ σM

)2
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Dividend Strip

P-D ratio:

PDt+τ t

Dt
= Et [M

t+τ
t G t+τ

Dt ] = Et [e
M̂t+τ

t +Ĝ t+τ
Dt ]

= e
(µ̂M+µ̂D)τ+

∑
n(φDn+φMn)

1−ατ
Xn

1−αXn
X̂nt

× Et

[
e
∑τ

j=1

(
σM+σD+

∑
n(φMn+φDn)

1−α
τ−j
Xn

1−αXn
σXn

)
ε̂t+j
]

Taking logs:

log
PDt+τ t

Dt
= E

[
log

PDt+τ t

Dt

]
+
∑
n

(φDn + φMn)
1− ατ

Xn

1− αXn

X̂nt
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