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Assumptions

Individuals maximize time-additive expected utility:

Ut(Wt) =
∞∑
j=0

δju(Ct+j)

Labor income is tradable

All retuns iid
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Lifetime Utility

Ut(Wt) = u(Ct)+δ Et [

≈ Ut+1(Wt) +
∂Ut+1(Wt)

∂W
∆Wt+1 +

1

2

∂U2
t+1(Wt)

∂2W
(∆Wt+1)2

Ut+1(Wt+1)]

≈ Ut+1(Wt) +
∂Ut+1(Wt)

∂W
Et [∆Wt+1

−Wt + It [Rft+1 +
∑
a

ha(Rat+1 − Rft+1)]

] +
1

2

∂U2
t+1(Wt)

∂2W
Et [(∆Wt+1)2]

Vart [∆Wt+1]

I 2t
∑
a

∑
b

hahbCovt [Rat+1,Rbt+1]

+Et [∆Wt+1]2

For short time periods: It ≈ Wt , Et [∆Wt+1]2 ≈ 0

Jan Schneider ICAPM 2/ 6



First Order Conditions

FOC with respect to portfolio weight hat (and dividing by Wt):

∂Ut+1(Wt)

∂W

UW

Et [Rat+1−Rft+1]+
∂U2

t+1(Wt)

∂2W

UWW

Wt

∑
b

hb Covt [Rat+1,Rbt+1]

σab

≈ 0

Take the risk-free asset as asset 1:

UWEt




R2t+1

...

RAt+1

−


Rft+1

...

Rft+1


+UWWWt


σ22 . . . σ2A

...
...

σA2 . . . σAA




h2t

...

hAt

 ≈ 0
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Optimal Portfolio Weights

Hence
h2t

...

hAt

Wt ≈ −
UW

UWW


σ22 . . . σ2A

...
...

σA2 . . . σAA


−1

Et




R2t+1

...

RAt+1

−


Rft+1

...

Rft+1




Hence

hatWt ≈ −
UW

UWW
(ψa2 . . . ψaA)

ath row of the inverse covari-

ance matrix

Et




r2t+1

...

rAt+1

−


rft+1

...

rft+1
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Risk Premium

Define the standardized weight for risky asset a:

h̃at =
hat∑A
j=2 hjt

⇒
A∑

a=2

h̃at = 1

From FOC:

Et [Rat+1]− Rft+1 ≈ −
UWW

UW
Wt

A∑
b=2

hbtσab

= −UWW

UW
Wt

 A∑
j=2

hjt

 A∑
b=2

h̃btσab
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Putting it all together

Multiplying by the standardized weights h̃at :

h̃atEt [Rat+1]− h̃atRft+1 ≈ −
UWW

UW
Wt

 A∑
j=2

hbt

 A∑
b=2

h̃at h̃btσab

⇒∑
a

Et [Rpt+1

optimal portfolio of risky assets

]− Rft+1 ≈ −
UWW

UW
Wt

 A∑
j=2

hjt

 A∑
a=2

A∑
b=2

h̃at h̃btσab

Vart [Rpt+1]

Combining with the last equation on the previous slide:

Et [Rat+1]−Rft+1 ≈
∑A

b=2 h̃btσab∑A
a=2

∑A
b=2 h̃at h̃btσab

(Et [Rpt+1]− Rft+1)
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